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Let cd be the d-dimensional cube. A cut of cd is a set of all edges that are intersec- 
ted by any hyperplane that misses all vertices of the cube. The cut number k(cd) of 
cd is the minimal number of cuts needed to cover all edges of the d-cube. The exact 
value of k(cd) is a well-known problem for d&4. Here we characterize all possible 
cuts of c4 and show that k(c“) = 4. (7’ 1986 Academic Press, Inc. 
The problem of cut numbers first was announced by O’Neil [7] and 
then by Griinbaum [3]. O’Neil has also obtained a lower bound for k(cd), 
i.e., the cut number of the d-cube. It is also easy to show that k(c”) < d for 
d> 4 (/c(@) = d, 1 < d< 3), and an example of Peterson which shows 
k(c’) d 5, implies k(cd) 6 d- 1 for d> 6. But the exact value of k(c”) has 
been unknown for d 2 4. 
Here, by an algorithmic method, we characterize all cuts of c4 and show 
that k(c4) =4. By improvement of the algorithm, characterization of the 
cuts may be obtained for small d >, 5. In the first part of the paper all cuts 
of the 4-cube are characterized and the main result about the cut numbers 
is obtained in the second part. 
I. CUT-COMPLEXES OF c4 
Notations and Definitions. We will be following terminology of Grtin- 
baum [2]. A polytope is a convex hull of finite number of points, a simpZe 
d-polytope is the one of dimension d whose graph is regular of valence d. 
The d-cube cd = conv ( (E , ,..., Ed) ci = 0, 1, 1 < i < d} is a simple d-polytope 
with 2d vertices. 
For a given d-polytope p, S(p), Fe(p), and B(p) are face lattice, the set 
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of vertices, and the (d- 1 )-dimensional boundary complex of p, respec- 
tively. A cut-complex % is a sub-complex of B(p) for which there exists a 
hyperplane H that separates strictly vertices of V from the rest of vertices of 
p; 97 is called the cut-complex of H. We note that for a cut-complex 55’ of H, 
its graph node-complement 4 is also a cut-complex of H. The graph of %? is 
connected and if Fe(F) c %? then FE 9, where FE Y(p). E,(%‘) is the set of 
exterior vertices of %, i.e., those that have some neighbor in 4. E,(w) is the 
set of exterior edges of %?:, i.e., those connecting vertices of V and @‘, note 
that E,(V) = E,(g). A cut ofp, is the set of exterior edges of some cut-com- 
plex V of p. The section of the cut is p n H, where H is the corresponding 
hyperplane. This section is a (d - 1 )-polytope and is simple if p is. Two cuts 
of cd are isomorphic if their cut-complexes are isomorphic complexes. So 
for cd characterization of the cuts is equivalent to characterization of cut- 
complexes. 
Since @ is always determined if V is a given cut-complex, we can restrict 
the question of characterization by (F,(%)( d ( IFo(cd)l/2), where I I denotes 
the cardinality. The following lemmas are essential for the algorithm that 
comes later. 
LEMMA 1. Let M, and M, be two finite set of points in Rd that are 
separated strictly by a hyperplane H, say M, c H and M, c H’, where 
H- and H+ are the open half spaces qf H. Then there exists m E M, such 
that by a relocation of H, say, H, we have M,u {m}c HT, M, - 
{m)cH;. 
Although the lemma is well known, we give a proof here. 
Proof Let us translate H toward M, , until it touches M, (say H, is the 
new hyperplane), choose m E M, n H, and a (d - 2)-hyperplane K in H, 
such that m E K and M, n H, - {m > c K-. Now if we rotate H, around K 
with a small enough angle such that it contains m and no other point of 
M,, then it becomes the desired hyperplane, if we translate it a little more 
toward MI - (m}. In the following lemma, direction of an exterior edge 
e=v,v? of V is d(e)=v?-vV1, where V~EV and v,E@. 
LEMMA 2. For a cut-complex W c B(c?) and parallel exterior edges 
e,, e,, we have d(e,) = d(e,). 
Proof: Let e, =v,v; and e2=v2v;, where v,, V*E% and v’,, v;E@. 
Coordinates of all the vertices are 0 or 1; suppose coordinates of v1 and v’, 
are the same except the ith coordinate, therefore the same is true for v2 and 
vi. Let H= {x~R~lx/d= , cj.xj = c} be the hyperplane corresponding to %?‘, 
VL?C HP, and @c H+ then 
(d(e,))i= +l ((d(e,))i= -l)~ci>O(~~<O)~(d(e,))~ 
= +l ((d(ez))i= -1). 
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By means of Lemmas 1 and 2 the following algorithm yields 17 can- 
didates for non-isomorphic cut-complexes of c4. 
Lemma 1 guaranties that all the possible cut-complexes will be in our list 
and Lemma 2 rules out many non-cut-complexes. There are different 
methods to check if these are cut-complexes or not, (some of them are 
obviously a cut-complex, like all faces of the cube). The following lemma 
whose proof is omitted is a reduction step that helps us to make the final 
check. 
LEMMA 3. Let 9 be a connected subgraph of the graph of cd and @ is its 
node-complement. Then if E,(q) and E,(V) are strict& separated by a hyper- 
plane in Rd, %I? will be a cut-complex. 
Now we are ready for 
The Algorithmic Method. 
Step (1) Choose vi E F,( cd), cut off v, from cd by H (H separates v, 
and F,,(cd)- {v,}), and set 59, = {v,}. 
Step (2) Take a neighbor of vi, say v2, push H towards v2 and leave 
v2 behind, such that H separates, strictly, (v, , v2} from the rest of the ver- 
tices of cd, and set %$ = {vi, vz}. 
Step (3) Continue the process. 
Step (4) If the current V has 2dP’ vertices stop, otherwise go to 
Step 3. 
If we apply the algorithm above to the 4-cube, exclude isomorphic ones 
we obtain 17 sub-complexes of B(c4), and if we check these one by one, we 
will find 14 non-isomorphic cut-complexes. Note that cut-complexes of c3, 
which will also appear in our list are 
. c_ r G 
So, we have proved the main result of the first part. 
THEOREM 1. The following are all cut-complexes of the 4-cube up to 
isomorphism: 
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'6 % c7 5 
Remark. The algorithm above can be improved to be more useful in 
higher dimensions. First, only the non-isomorphic cut-complexes should be 
listed. It is easy to show that two cut-complexes of the cube are isomorphic 
if their graphs are, although there is no such algorithm for general graphs, 
but for these especial sub-graphs of the cube the problem seems to be 
easier. Second, one strong sufficient condition makes the algorithm more 
efficient. Recently, one such sufficient condition has been used to charac- 
terize all cut complexes of c5, which appear elsewhere. 
II. CUT NUMBER OF THE ~-CUBE 
Notations and Definitions. In this section the following labeling for the 
facets of the 4-cube will be used: 
F2j--1={(~,,~2,~3,~q):~i=0, l,i#j, 1<id4,andsj=0j, 
j= 1,2, 3,4 
FZj={(~l,~a,~3,~q):~i=0,1,i#~,1~i~4,and~j=l}, 
j= 1, 2, 3,4. 
Among the 14 cut-complexes of c4, the following only have 12 exterior 
edges: C5, Ck, Ci, C6, and C,. Let G,, GZ, G,, Gq, and G5 be the cuts 
corresponding to these complexes, respectively. The following figure will be 
helpful: 
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Let G,, G, ,..., G, be k,, cuts of cd, d 2 3, k,, < d. The set of {G, ,..., Gk,,} is 
called a cut-covering or simply, covering of cd, if they cover all edges of cd. 
For a covering G = {G,, G, ,..., Gko}, E(G) = { (G, I,..., IG,,I > is said to be 
the set of edge numbers of G. 
So for the 3-cube all possible edge numbers are { 3, 6, 3 >, {3,4, 5}, 
{4,4,4}, (4, 5, 5}, (4, 6, 6}, (5, 5, 5}, (5, 5, 6}, (66, 5}, and (6, 66). 
Let (F,, F2,..., F[,,} (I, = 2d-3($) be the set of 3-faces of cd, d> 4, and 
G,= Gin F,, j= 1, 2 ,..,, I,, i= 1, 2 ,..., k,, where G = {G,, G, ,..., G,,,} is a 
collection of cuts for cd. Obviously, G is a covering for the d-cube, d 3 4, iff 
{ G,j, G, ,..., G,,-} are coverings of Fj for j = 1, 2 ,..., I,. 
This observation is useful in the following: 
THEOREM 2. k(c4) = 4. 
Proof. We show that there are no three cuts covering all edges of c4. 
Suppose there are 3 such cuts, since k(c3) = 3, these 3 cuts have to intersect 
all facets of the 4-cube. Applying Euler’s formula on the simple polytopes of 
the intersections implies that the 3 cuts contain 12 edges, i.e., they are 
members of G = {G, , G2 ,..., G,}. We claim that there is no G,EG, 
1 < m < 5, such that { Gk, G,, G,} becomes a covering of c4 for any G,, 
G, E G, 16 Z, k < 5. The following pairs for (G,, G,) are enough to be con- 
sidered: (G,, G,), (G,, G,), (G,, G,), (G2, GA (G2, G5), (G,, G3), (G3, G4L 
(G4, G4), and (G,, GA. 
Since c4 has 32 edges and elements of G have 12 edges there are at most 
4 edges that have more than one point of intersection with the hyperplanes, 
and the number of extra points of intersection (overlap) is exactly 4. For a 
covering of c4 with 3 cuts, therefore, the edge number sets of { 6,6,6} and 
{ 6,6, 5} on the facets of the 4-cube will not be produced. The edge number 
set (4,4,4} of c3 is also ruled out, since at least one 4 in {4,4,4} 
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corresponds to four parallel edges of c3 and none of Gi’s, 1 d id 5, can 
produce such parallel edges on the facets of c4. 
In fact in the rest of the proof, for all of the nine cases, we show that 
restrictions of the cuts on the 3-faces, will produce a set of edges that is not 
an edge number set. 
This contradicts the fact that these restrictions are coverings of 3-faces. 
Now consider the nine different cases: 
(a) (G,, G,). Let us define D(Gi)=(IGiJ, lGizl ,..., IGisI), i= 1, 2 ,..., 5, 
provided G= G = {Cl,..., G,}. Now set one copy of G, in the 4-cube 
fixed, i.e., D(G,) = (6, 3, 6, 3, 6, 3, 6, 3) and consider all relocations of 
another copy of G, in the cube which corresponds to permutations of 
(6, 3,6, 3,6, 3,6, 3). Since the edge number sets (6, 6, 5) and {6, 6, 6) for 
the 3-faces are rejected, the only possibility for D(G,) (the relocated one) is 
(3, 6, 3, 6, 3,6, 3,6). But the only edge number set with members 6 and 3 is 
{ 3,6,3 >, therefore D(G,) = (3, 3, 3, 3, 3, 3, 3, 3), 1 d m < 5, where G, is the 
third possible cut, and there is no such G, E G. 
(b) (G,, G,). Again set D(G,)= (6, 3, 6, 3, 6, 3, 6, 3) fixed. Since 
{6,6} and {4,6} are not contained in any edge number set of 3-faces, the 
only possibility for D(G,) is D(G,) = (3, 6, 5, 4, 5, 4, 5, 4), but it is 
impossible. Since 3 and 6 in G, do not appear in parallel facets. (If we 
separate 3 and 6 in the possible D(G,), an invalid permutation of D(G,) for 
the third cut will be obtained.) 
(cl (G,, G,), (G,, G,), (G2, G,). Let D(G2) = (4,4,6, 6,4,4,4,4). 
Since (4,6}, (4,4), and (6,6 > are not in any edge number set of 3-faces 
and D(G,), D(G,), and D(G,) all have 4 or 6 as an element, there is no 
permutation of D(G,), D(G,), and D(G,) that can be used for D(G,). 
(d) (G,, G,). Let D(G,) = (3, 3, 5, 5, 5, 5, 5, 5). Since 3 and 3 appear 
on parallel facets the only possiblities for permutations of D(G,) are 
(3, 3, 5 ,..., 5) and (5, 5, 3, 3, 5 ,..., 5) (with two more similar cases). In the 
first case the only possibility for D(G,) is (6,6,4,4,..., 4). So there are 3 
pairs of parallel facets, each pair with 4 overlaps (each { 5, 5,4} contains 2 
overlaps). Since those 4 overlaps cannot be repeated for all 3 pairs, the 
number of overlaps for the possible covering of c4 will be greater than 4, 
which is impossible. The second case and the other two similar cases are 
trivial. 
(e) (G3, G4). A similar argument as part (d) works here. 
(f) (G4, G4). Let D(G,) = (5, 3,4,6, 5, 3,4, 6). Since { 6, 6) and 
{6,4} are not subsets of any edge number set of 3-faces, the only possible 
cases for permutations of D( G,) are (x1, x~, y, , y,, x3, x4, y,, y4) in which 
xi= 4 or 6 and y, = 3 or 5. i= 1, 2, 3, 4. So there are two possibilities 
for D(G,): (3, 3, 5, 5, 5, 5, 5, 5) and (5, 5, 3, 3, 5, 5, 5, 5) with 2 more 
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similar cases. These two correspond to (4, 6, 3, 5, 6,4, 3, 5) and 
(6,4, 5, 3, 6,4, 3, 5) for D(G,), respectively. Now argument of overlaps 
works as in (d). 
(g) (G5, G,). Finally, let D(G,) = (4, 3, 5, 6, 5, 4, 5, 4). By a similar 
argument the only possiblities for D(G,) are (*, 4,6, *, 4, *, 4, *), and 
(*, 4, 4, *, 6, *, 4, *). In all of them the possible G, has to have only 3’s and 
5’s, since in this case the only two 3’s must appear in parallel facets and the 
number of overlaps must be less than 4, there is no such G,. 
The proof is complete. For calculations of k(cd), d> 5, characterization 
of edge number sets of c4 is helpful, but the following is the immediate con- 
clusion of Theorem 2. 
COROLLARY. k(cd) > 4 for d 2 5 and if k(c’) = 4 wthe 4 cutshave to con- 
tain at least 4 edges from each facet of the 5-cube. 
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